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Minimum-fuel, three-dimensional trajectories from a circular low Earth parking orbit to an inclined circular
low lunar parking orbit with a fixed thrust-coast-thrust engine sequence are computed for a low-thrust spacecraft.
The problem is studied in the context of the classical restricted three-body problem. The minimum-fuel transfer to
a polar lunar orbit is obtained by successively solving a sequence of fixed lunar inclination problems. Minimum-
fuel three-dimensional transfers to a polar lunar orbit with meridian plane constraints are also computed. The
minimum-fuel trajectory problems are solved using a "hybrid" direct/indirect method. The hybrid method utilizes
the costate time histories to parameterize the three-dimensional thrust steering angle time histories. Numerical
results are presented for the optimal three-dimensional Earth-moon trajectories.

Introduction

IT has been established that spacecraft propelled by low-thrust
engines are capable of delivering a greater payload fraction

compared to spacecraft using conventional chemical propulsion
systems.1'2 Recent low-thrust research has involved a range of pi-
loted and cargo lunar and Mars missions.3-4 Aston5 has advocated
the use of low-thrust propulsion for establishing a permanent lunar
colony.

London6 and Stuhlinger7 performed early preliminary studies on
low-thrust transfers from a low Earth parking orbit to a low lu-
nar parking orbit. In each study, the low-thrust transfer consists
of separate Earth and moon two-body trajectories patched together
at the sphere of influence. More recently, Golan and Breakwell,8
Enright and Conway,9 and Pierson and Kluever10 have investigated
minimum-fuel, Earth-moon trajectories. All three studies utilized
trajectories influenced by the simultaneous gravity fields of Earth
and the moon. Golan and Breakwell8 investigated both planar and
three-dimensional minimum-fuel transfers for power-limited space-
craft that resulted in variable thrust-magnitude trajectories with
no coasting arcs. Enright and Conway9 demonstrated a collocation
method by determining a single minimum-fuel, low-thrust, planar,
Earth-moon transfer. Pierson and Kluever10 obtained minimum-
fuel, planar, Earth-moon trajectories with constant thrust magnitude
and a structured thrust-coast-thrust engine sequence.

This paper extends our earlier work on optimal planar transfers10

to a minimum-fuel problem for a three-dimensional transfer from a
circular, low Earth parking orbit (LEO) in the Earth-moon plane to
an inclined, circular, low lunar parking orbit (LLO). Since the Earth-
moon orbital plane precesses with a period of about 18.6 years, the
inclination of the moon's orbit with respect to Earth's equator varies
between 18.3 and 28.6 deg. Therefore, our approach does not con-
sider a specific launch date; instead, the initial inclination of the LEO
is fixed in the Earth-moon plane and a general 90 deg plane change to
a polar LLO is investigated. For current launch capabilities, a launch
vehicle steering performance penalty would be incurred for launch
into the assumed LEO; we do not treat this aspect of the problem.
Both free and specified final meridian plane cases are considered.
The three-dimensional LEO-LLO transfer is assumed to consist of
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a continuous-thrust, Earth-escape, spiral trajectory phase followed
by a translunar coast phase and finally a continuous-thrust, moon-
capture, spiral trajectory phase. All three segments are allowed to
be fully three dimensional. Numerical results are presented for an
electric propulsion spacecraft in the low thrust-to-weight (T/ W)
ratio and "moderate" equivalent power regimes.

System Models
Equations of Motion

The Earth-moon trajectory is governed by the classical restricted
three-body problem dynamics.11 The three-dimensional equations
of motion for the vehicle are presented in both Earth-centered
and moon-centered rotating, spherical coordinate systems with the
Earth-moon plane as the x-y or primary plane. The complete equa-
tions of motion for the powered Earth-escape phase are
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The equations of motion for the translunar coast phase are also
referred to the Earth-centered coordinate frame:
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Finally, the equations of motion for the powered moon-capture phase
are referred to a moon-centered coordinate frame:
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The states for all three sets of differential equations are radial po-
sition r, radial velocity vr, longitudinal-plane velocity VQ, latitude-
plane velocity i>0, longitude angle 0, and latitude angle 0 and are

denoted by the six-element vector x. The longitude 0 is the an-
gle of the projection of the radius vector onto the Earth-moon plane
measured positive counterclockwise from the Earth-moon line. The
latitude 0 is measured positive above the Earth-moon orbit plane to
the spacecraft radius vector. The subscripts 1,2, and 3 indicate val-
ues with respect to the powered Earth-escape phase, coast phase,
and moon-capture phase, respectively. The gravitational parameters
of Earth and the moon are represented by [Le and [jLm, respectively, co
is the constant angular rotation rate of the Earth-moon system, and
D is the constant separation distance between Earth and the moon.
The thrust steering angle u is measured positive above the local
horizontal plane to the projection of the thrust vector onto the local
longitude-radial direction vertical plane. The thrust steering angle
v is measured positive above the local vertical plane to the thrust
vector and is between ±90 deg. The thrust acceleration of the space-
craft, aT, is computed by dividing the constant thrust magnitude T
by the current spacecraft mass. The mass of the spacecraft is de-
noted by m , and propellant mass flow rate m is considered positive
out of the vehicle. The durations of the powered Earth-escape and
moon-capture phases are denoted by te and tct respectively, and tf is
the final time. The initiation of the moon-capture phase is at t = r,
where r = tf — tc.

Vehicle Model
The spacecraft characteristics are from Ref. 10, where they were

derived from ion propulsion lunar cargo vehicles developed by
London6 and Stuhlinger.7 The total initial mass of the spacecraft
in LEO, mLEO, is fixed at 100,000 kg; the constant thrust magnitude
T = 2942 N; and the constant mass flow rate m = 107.5 kg/h.
Although the assumed propulsion technology is not consistent with
current capabilities, this model results in a "moderate" low-thrust
vehicle with an initial T/W ratio of 3 x 10~3. Also, we do not ad-
dress the question of actually achieving the assumed initial mass
in LEO with current launch capabilities. The low-thrust engines are
assumed to operate without a transient tail-off or start-up period, and
therefore T and m are considered to be at their respective constant
values during powered flight or at zero during the coast phase.

Trajectory Optimization
Problem Statement

For the free end-time problem, find the initial longitude angle
0i(0); the thrust steering time histories u\(t) and v\(t), 0 < t < te,
and 1/3(0 and v^(t), T < t < tf, and the powered flight durations te
and tc, which minimize

J = te + tc = 3>[te, t c , x ( t f ) , tf] (19)

subject to the three-dimensional, restricted three-body equations of
motion [Eqs. (1-18)] with the boundary conditions at t = 0,
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Note that this is a "mixed" optimal control problem that in-
volves both control functions and control parameters. The ini-
tial state conditions [Eqs. (20-24)] define the initial low Earth
circular orbit with zero inclination. Therefore, the initial orbit
is contained in the Earth-moon orbit plane. Equation (25) rep-
resents the required state matching conditions at the end of the
Earth-escape phase (t = te) between the powered and coast-
ing trajectory segments. Equation (26) enforces the required
state matching conditions between the Earth-centered coasting
arc and the moon-centered powered capture trajectory. The func-
tional relationship g(x2(r), D) represents the required coordi-
nate transformation between the two rotating frames and is
detailed in Appendix A. For comparison, observe that this prob-
lem involves dynamic constraints of order 18 rather than 12
and four control functions rather than two for the earlier planar
problem.10

The four terminal state constraints [Eq. (27)] define a circular
LLO with a specified inclination / with respect to the Earth-moon
plane. The terminal state constraints are expressed in the moon-
centered, rotating, spherical coordinate system. The first three state
constraints specify a low lunar circular orbit, and the constant vcir is
the circular orbital speed for the desired final radial distance rLLO.
The fourth state constraint ensures termination in an orbit with the
desired inclination. The velocities vgt and v^ represent, respec-
tively, inertial velocity components along the local longitude and
latitude planes with respect to a fixed, moon-centered, spherical
frame. Utilizing the relationship between velocities in a fixed refer-
ence frame and a rotating reference frame,

Vfix = Vrot + U X r

we obtain the inertial velocity components

voj = V03 + &>r3 cos 03

(28)
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Finally, since GO is a constant for the restricted three-body problem
and the final radius r$(tf) is constrained, the product cor?, is defined
as a constant n. Therefore, the final two terminal state constraints in
Eq. (27) are rewritten in terms of velocity components in the rotating
frame:

cos + 2v03(tf)ncosfo(tf)

= V03 (tf) cos 03 (tf) + n cos2

(31)

- vcir cos i = 0 (32)

Hybrid Direct/Indirect Approach
In general, an optimal control problem may be solved using ei-

ther a direct or indirect method. An indirect method involves apply-
ing calculus of variations principles and solving the corresponding
two-point boundary value problem (2PBVP). This is usually an ex-
tremely difficult problem except in the case of a simple dynamic
system. A direct method utilizes a parameterization of the control
and attempts to directly reduce the performance index value at each
iteration. Since our three-dimensional minimum-fuel problem in-
volves sensitive system dynamics and a dual coordinate frame, a di-
rect optimization method is used here. The optimal control problem
is replaced with an approximate nonlinear programming problem
with the continuous control history replaced with a finite number
of parameters. A typical approach to parameterizing the control is
to utilize linear or cubic spline interpolation through a fixed num-
ber of control points. For the long-duration spiral trajectories, this
technique would require a very large number of control points for
sufficient accuracy. A more efficient and accurate technique is to
utilize the necessary conditions from optimal control theory12 to
parameterize the control angle time histories.13 As a result, the op-
timal thrust steering angles u*(t) and v*(t) are parameterized by
the costate differential equations. This parameterization feature uti-
lizes some important aspects of an indirect approach, and there-
fore this method is termed a "hybrid" direct/indirect optimization
approach.

Necessary Conditions from Optimal Control Theory
The costate equations and transversality conditions are used to de-

fine the steering angle time histories. The costate differential equa-
tions are derived below for the Earth-centered, rotating, spherical
frame, and hence subscripts are not employed. The moon-centered
costate equations are derived in a similar fashion. The transversal-
ity conditions are derived in the moon-centered, rotating, spherical
frame since the terminal state constraints are expressed in terms of
moon-centered state variables.

The Hamiltonian in the Earth-centered, rotating, spherical coor-
dinate frame is

H = XT f (33)

where A, = [Ar A.Vr \VQ A.^ A# X<j,]T is the costate vector and / is the
state differential equation vector consisting of the right-hand sides
of Eqs. (1-6). The costate differential equations are
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The transversality conditions for the moon-centered costate sys-
tem define the terminal costate values in the inclined LLO:
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The resulting direction cosines for the thrust acceleration vector
components as required in the equations of motion are
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where \\kv \\ — (k2
Vr + A2

0 + >.20)1/2; the norm of the velocity costate
vector Xv — [XVr Xve A^]r. The correct signs for the above direc-
tion cosines are derived by applying the strengthened Legendre-
Clebsch condition, and the details are presented in Appendix B.

Solution Procedure
The requirement for the three-dimensional trajectory to terminate

in a low lunar circular orbit with a prescribed inclination greatly
increases the sensitivity of the problem to the initial guesses for
a one-way, LEO-LLO, numerical integration. Therefore, the three-
dimensional LEO-LLO trajectory is divided into two trajectory seg-
ments. The first segment starts in LEO and consists of the powered
Earth-escape phase and a portion of the translunar coast phase. The
second trajectory segment starts in LLO at the prescribed inclination
and consists of the powered moon-capture phase and the remaining
portion of the coast arc. The numerical sensitivity of the problem
is further reduced by matching the two trajectory segments near the
lunar sphere of influence (SOI) where the gravity fields of Earth
and the moon are nearly equal. Therefore, the Earth-escape phase
and initial coast arc are numerically integrated forward in time in
the Earth-centered rotating frame, and the moon-capture phase and
second coast arc segment are integrated backward in time from an
inclined LLO in the moon-centered rotating frame. The duration of
the second-coast arc segment is fixed such that the moon-based tra-
jectory segment terminates near the SOI. The terminal position and
velocity vectors from both trajectory segments must be matched in
a common reference frame.

The minimum-fuel three-dimensional transfer is solved using the
hybrid direct/indirect approach mentioned previously. The initial
costates Ar(0), A.0(0), ^Ur(0), ̂ (0), and A.^(0) parameterize the
steering angles u\(t) and v\(t) through Eqs. (48-50) and the simul-
taneous forward integration of the Earth-centered state and costate
equations. The unknown multipliers Vi , v>2» ^3> and v>4 parameter-
ize the steering angles w3(0 and u3(r) through Eqs. (48-50) and
the simultaneous backward integration of the moon-centered state
and costate equations. The longitude angle costate X0 is zero at
LEO since the initial longitude angle is free, and X0 is zero at the
final inclined lunar orbit due to the fifth transversality condition
[Eq. (44)].

The optimization problem is solved using sequential quadratic
programming (SQP), which is a constrained parameter optimization
method.14 The SQP algorithm used is DNCONF from the Interna-
tional Mathematics and Statistics Library (IMSL).15 This SQP code
is based on Schittkowski's nonlinear programming code NLPQL
and internally calculates gradient estimates based on first-order for-
ward differences. SQP requires a numerical simulation with explicit
computation of the performance index and constraints that result
from the current design variables or optimization parameters. For
the three-dimensional minimum-fuel problem, the SQP formulation
has 15 design variables: the initial and final longitude angle in LEO
and LLO, the final latitude of the spacecraft in inclined LLO, the five
unknown initial costates in LEO, the four unknown multipliers at
t = tf, the durations of the powered escape and capture spirals, and
the duration of the Earth-centered coast arc. The SQP problem has
six equality constraints that require position and velocity matching
near the lunar SOI.

The optimal three-dimensional transfer to a polar lunar orbit is ob-
tained by starting with a planar Earth-moon trajectory and solving
a sequence of minimum-fuel problems with increasing final incli-
nation at LLO. The planar minimum-fuel solution from Ref. 10 is
utilized to provide a good initial guess for the design vector for the
first minimum-fuel three-dimensional problem. A good initial guess
is especially required for the sensitive costate variables. The solution
process could benefit from a costate control transformation.13 This
technique has been utilized by the authors in Ref. 16 for Earth-
moon transfers using a more realistic electric propulsion system.
The backward integration from LLO starts from a circular orbit
with a desired fixed inclination. The longitude in LLO is free, and
the latitude in LLO is between plus or minus the prescribed incli-
nation. These two design variables determine the orientation of the
inclined LLO and the velocity components along the longitude and
latitude directions (ve and i>0). The LLO latitude is constrained by
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using upper and lower design variable box constraints in the SQP
problem formulation.

Numerical Results
The desired final inclination of the lunar orbit is set at 5 deg for

the first three-dimensional problem. Therefore, the planar solution
initial guess results in position and velocity vector errors at the SOI
match point for the first iteration. The hybrid direct/indirect method
converges to the minimum-fuel solution with 5 deg final inclination
in 15 iterations.

Next, a sequence of intermediate three-dimensional problems
with increased lunar inclination is solved. In order to maintain de-
sirable convergence properties, the final lunar inclination is incre-
mented by 5 deg, and the current solution is used as the initial guess
for the next three-dimensional problem. This procedure works very
nicely until the final lunar inclination reaches 85 deg. The three-
dimensional, three-body dynamics in the moon-centered, rotating,
spherical frame become more sensitive as inclination increases, and
therefore the problem is solved in 1 deg increments to a final incli-
nation of 87 deg and in half-degree increments to the full polar lunar
orbit. This numerical sensitivity is attributed to the singularity in the
spherical coordinate frame at a latitude angle </> = 90 deg. Conse-
quently, during the numerical integration the dynamics become very
sensitive when 0 is near 90 deg.

The range of minimum-fuel trajectories from the planar solution
to the three-dimensional polar solution is presented in Fig. 1. The
optimal spacecraft mass in LLO is plotted against the final lunar
inclination. The rate of performance loss steadily increases with
inclination. The resulting optimal spacecraft mass in polar LLO is
93,050.4 kg. The minimum-fuel polar trajectory results in a final-
to-initial mass ratio of 0.9305. The optimal three-dimensional tra-
jectory to polar lunar orbit requires only 41.6 kg more fuel than the
minimum-fuel planar trajectory. This is only 0.6% more fuel than
the two-dimensional minimum-fuel solution.

The optimal three-dimensional trajectory to polar lunar orbit is
shown in the Earth-centered rotating frame in Figs. 2 and 3. Figure 2
presents the projection of the three-dimensional trajectory onto the
x-y Earth-moon plane, and Fig. 3 shows the projection onto the
vertical x-z plane. The complete optimal three-dimensional trajec-
tory is presented in Fig. 4 with the vertical z axis distorted in order to
emphasize the vertical out-of-plane motion. The optimal trajectory
completes 12 revolutions about the Earth during a 2.24-day escape
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Fig. 1 Optimal mass in LLO vs lunar inclination.
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Fig. 2 Minimum-fuel three-dimensional trajectory (x-y plane), rotat-
ing frame.

spiral. At the end of the Earth-escape spiral, the orbit is inclined
2.8 deg with respect to Earth. The spacecraft is "lofted" above the
Earth-moon plane during the 4.82-day coast arc, as indicated by
Fig. 3. The vertical z axis is also elongated in Fig. 3 in order to em-
phasize out-of-plane motion. The spacecraft reaches a peak of over
2.6 Earth radii above the Earth-moon plane during the coast arc.
Shortly after the vertical peak of the coast trajectory, the spacecraft
coasts toward the Earth-moon plane, and the moon-capture spiral
is initiated. At this point, the spacecraft is "above" the moon's orbit
with an inclination of 89.2 deg. The moon-capture spiral lasts for
10.90 h and completes the slight plane change to the desired 90 deg
polar lunar orbit. The final polar lunar orbit is nearly perpendicu-
lar to the Earth-moon line with a final ascending node longitude
of 275.5 deg. Therefore, at the instant of injection into the circular
polar lunar orbit, the angular momentum vector is pointing away
from Earth and is very nearly collinear with the Earth-moon line.

The optimal thrust steering angle time histories for the Earth-
escape spiral are shown in Fig. 5. The thrust steering angles u* and
v* are resolved into in-plane and out-of-plane steering angles. The
in-plane steering angle 8 and out-of-plane steering angle e are with
respect to the instantaneous orbit plane. The longitude and in-plane
steering angles u* and 8 in Fig. 5 nearly coincide for the Earth-escape
spiral and resemble the profile for the planar case. The latitude and
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Fig. 3 Minimum-fuel three-dimensional trajectory (x-z plane) rotating
frame.

J Moon—capture spiral

Fig. 4 Minimum-fuel three-dimensional trajectory, rotating frame.
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Fig. 5 Optimal thrust steering angles, Earth-escape phase.
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Fig. 6 Optimal thrust steering angles, moon-capture phase.
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Fig. 7 Optimal mass in polar LLO, meridian constraints.

out-of-plane steering angles v* and 6 differ at the end of the escape
spiral as the inclination increases.

The optimal steering angle time histories for the moon-capture
spiral are shown in Fig. 6. The thrust steering angles u* and v*
are again resolved into in-plane and out-of-plane steering angles.
The longitude and latitude steering angles u* and v* display complex
and discontinuous time histories. The steering angles u* and v* are
resolved from the direction cosines, which in turn are governed by
the velocity costates. When u* and v* are resolved into in-plane
and out-of-plane steering angles 8 and e as shown by Fig. 6, the
time histories are smooth. The discontinuities in u* and v* occur
at the peaks and valleys of the in-plane steering angle and at the
points where the out-of-plane angle is zero. The in-plane steering
angle resembles the planar moon-capture profile, and the out-of-
plane angle is very small. This is reasonable since the moon-capture
spiral is nearly contained in a vertical plane, and the required plane
change is only 0.8 deg.

Final Meridian Constraints
For a lunar cargo mission there may exist requirements that the

initial polar orbit coexist with a desired vertical plane with respect
to the rotating Earth-moon line for communication or rendezvous
purposes. This meridian plane for a polar orbit is defined by the
longitude angle 6. The effects of constraining the meridian at polar
LLO insertion are investigated in this section.

The meridian constraint in LLO adds a fifth terminal state con-
straint to the previous minimum-fuel three-dimensional problem:

(51)

where Of is the desired final longitude angle or desired meridian
plane. This additional terminal state constraint results in a new
transversality condition for the longitude angle costate:

d0
(52)

Therefore, one additional design variable for v5 and one addi-
tional SQP equality constraint for the meridian constraint are added
to the minimum-fuel hybrid direct/indirect problem formulation.
Although it is possible to immediately satisfy the added meridian
constraint (51) since the final longitude angle 0(tf) is a design vari-
able, this strategy is not employed. The final longitude angle in LLO
is retained as a design variable so that the previous minimum-fuel
polar orbit solution may be utilized as an accurate initial guess. The
free-meridian minimum-fuel solution results in a longitude angle in
LLO of 275.5 deg, and the longitude angle for the first constrained-
meridian problem is fixed at 285 deg. Therefore, the initial guess
for the minimum-fuel, constrained-meridian problem satisfies the
six constraints for position and velocity matching on the first it-
eration but does not initially satisfy the meridian constraint. This
problem formulation, with its 16 design variables and 7 equality
constraints, provides a more robust process for obtaining the new
constrained-meridian solutions.

A set of minimum-fuel, constrained-meridian problems is solved
with the desired longitude angle incremented by 10 deg between
problems. The complete 360 deg sweep for meridian constraints is
not investigated; instead, a 190 deg range from 175 to 365 deg is
investigated. The minimum-fuel meridian constraint solutions are
presented in Fig. 7, which displays optimal final mass in polar LLO
for the respective constrained longitude angle. The figure shows
that the meridian constraint solutions are nearly symmetric about
the free-meridian solution and that a substantial performance loss
exists when the meridian at LLO insertion is aligned with the Earth-
moon line. The constrained-meridian solution with a final longitude
angle of 180 or 360 deg requires over 450 kg or 6.5% more fuel than
the free-meridian solution.

Conclusions
Minimum-fuel, three-dimensional Earth-moon trajectories be-

tween inclined, circular, terminal orbits have been computed for
a low-thrust spacecraft with an initial thrust-to-weight ratio of
3 x 10~3 and a fixed thrust-coast-thrust sequence. Restricted three-
body problem dynamics are used for the equations of motion.
The minimum-fuel Earth-moon transfer to a polar lunar orbit has
been obtained by utilizing the planar minimum-fuel solution and
solving a sequence of problems with increasing inclination.
Minimum-fuel three-dimensional transfers to a polar lunar orbit with
meridian plane constraints have also been obtained. The minimum-
fuel three-dimensional problems are solved using a hybrid di-
rect/indirect method that utilizes the benefits of a direct method
and an indirect method. The costate equations are used to param-
eterize the thrust steering angles very accurately according to op-
timal control theory. The convergence sensitivity associated with
satisfying the circular LLO terminal state constraints is avoided by
matching a powered Earth-escape trajectory segment and a pow-
ered moon-capture trajectory segment near the lunar sphere of
influence.

Surprisingly, the minimum-fuel three-dimensional transfer to a
polar lunar orbit requires only 0.6% more fuel than the planar solu-
tion. A slight plane change during the powered Earth-escape phase
of only 2.8 deg sufficiently "lofts" the coasting translunar trajectory
above the Earth-moon orbit plane and results in a nearly vertical-
plane powered moon-capture spiral trajectory. Therefore, the in-
dividual powered spiral trajectory phases are very similar to the
respective Earth-escape and moon-capture phases from the planar
solution. The minimum-fuel trajectory results in a final polar lunar
orbit that is nearly perpendicular to the Earth-moon line. When the
final meridian plane is constrained to be nearly aligned with the
Earth-moon line, the resulting minimum-fuel trajectory requires
about 6.5% more fuel than the free-meridian solution.

The governing dynamics formulated in a spherical coordinate
frame become sensitive as the inclination approaches 90 deg. To
circumvent this sensitivity, the problem could be formulated in a
Cartesian frame at the expense of numerical efficiency due to the
multiple revolutions. Other coordinate frames, such as the nonsin-
gular Euler parameter set, could be utilized for this problem.
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Appendix A: Coordinate Transformation
The coordinate transformation between the Earth-centered and

moon-centered rotating spherical frames as represented by the func-
tional relation g(jc2(T), D) in Eq. (26) is presented. At the initiation
of the moon-capture phase (/ = r\ the Earth-centered states are
transformed into a moon-centered, rotating, Cartesian frame:

*3 = r2 cos 02 cos 02 + D

y3 = r2 sin 02 cos 02

Z3 = r2 sin 02

X3 — Vr2 COS 02 COS 02 — % sin #2 ~ %

j3 = vn sin #2 cos 02 4- V02 cos #2 — ̂ 02

£3 = ur2 sin 02 + t>02 cos 02

(Al)

(A2)

(A3)

cos 02 sin 02 (A4)

sin 02 sin 02 (A5)

(A6)

The states in the moon-centered, rotating, Cartesian frame are then
transformed into the moon-centered, rotating, spherical frame:

03 =

03 =

(A7)

(A8)

(A9)

iV3 — *3 cos 03 cos 03 + j3 sin #3 cos 03 + £3 sin 03 (A 10)

?j03 = —XT, sin03 + y3 cos03 (All)

Vfa = — i3 cos #3 sin 03 — >>3 sin 03 sin 03 + £3 cos 03 (A 12)

Appendix B: Optimal Three-Dimensional
Steering Control

In this Appendix, the optimal three-dimensional thrust steering
control is developed. The thrust acceleration components required
for the three-body equations of motion in a spherical frame are

aTr = dr sin u cos v

aTe = a? cos M cos v

aT(j) = dr sin v

(Bl)

(B2)

(B3)

The stationarity condition for the steering angle u [Eq. (46)] results
in

3H——
OU

sinu
——
COSW

Solving for sin2w yields

.
= -J£. cos2w = -2i(l - sin2w)

or

smw =

Similarly, solving Eq. (B4) for cos M results in

cosw =

(B4)

(B5)

(B6)

(B7)

Therefore, using Eq. (B4) and taking the partial derivative with
respect to u yields

o2 IT
— - — —^VraT sin u cos v — kv0aT cos u cos v > 0 (B9)
OU2

Since the steering angle v is in the first or fourth quadrant, cos v
is always nonnegative and can be divided out. Dividing out aT and
substituting Eqs. (B6) and (B7) result in

miftv(BIO)

Choosing the negative sign in the expressions for sin u and cos u
results in

d2H (Bll)

Therefore, using the negative sign in Eqs. (B6) and (B7) satisfies
the strengthened Legendre-Clebsch condition.

The stationarity condition for the steering angle v is
dH
—— = 0 = —Xv (IT sin u sin v — ̂ v0

aT cos u sin v + XVtjtaj cos v
dV (B12)

Substituting Eqs. (B6) and (B7) with the proper signs yields

Solving for sin2v results in

sin v =

= -X cos v

- sin2i;)

or

Solving for cos v using Eqs. (B13) and (B15) yield

COSTJ =

(B13)

(B14)

(B15)

(B16)

Since COSTJ is always nonnegative, the positive sign in Eq. (B16)
is used.

The strengthened Legendre-Clebsch condition is applied to yield

Q2H
-— = —XVraT sin u cos v — XveaT cos u cos v — X^ar sin v > 0

(B17)
Substituting Eqs. (B6) and (B7) with the negative sign for sin u and
cos u and Eq. (B16) with the positive sign for cos v results in

92" Xl+^ • • 0 (B18)

To ensure that the second partial derivative of H with respect to v
is always positive, the negative sign for sin v is chosen:

smv = (B19)

The direction cosines for Eqs. (B1-B3) can now be developed
from Eqs. (B6) and (B7) with negative signs, Eq. (B16) with a
positive sign, and Eq. (B19):

aTr = ar sin u cos v = < (B20)

To obtain the correct sign, the strengthened Legendre-Clebsch
condition12 is enforced:

d2H
du2 >0 0 < t < t (B8)

= dj cos w cos v — dr
I I A - . I I

aT, = dr sin v = dr
I IA. . I I

(B21)
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